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Abstract^ 

A function of two variables F(x, y) is universal iff for every other function 
G(x,y) there exists functions h(x) and k(y) with 

G(x,y) = F{h(x),k{y)). 

Sierpinski showed that assuming the continuum hypothesis there exists a 
Borel function F(x, y) which is universal. Assuming Martin's Axiom there is 
a universal function of Baire class 2. A universal function cannot be of Baire 
class 1. Here we show that it is consistent that for each a with 2 < a < u>i 
there is a universal function of class a but none of class (3 < a. We show that 
it is consistent with ZFC that there is no universal function (Borel or not) on 
the reals, and we show that it is consistent that there is a universal function 
but no Borel universal function. We also prove some results concerning higher 
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arity universal functions. For example, the existence of an F such that for 
every G there are hi, hi, ha such that for all x, y, z 

G(x, y, z) = F{hi(x),h 2 {y), h(z)) 

is equivalent to the existence of a 2-ary universal F, however the existence 
of an F such that for every G there are hi, hi, h?, such that for all x, y, z 

G(x, y, z) = F(hi(x, y), h 2 (x, z), h 3 (y, z)) 

follows from a 2-ary universal F but is strictly weaker. 

1 Introduction 

Definition 1.1 A function F : X x X — >■ X is universal iff for any 

G:Ixl4l 
there is g : X — >■ X such that for all x, y G X 

G(x,y) = F(g(x),g(y)). 

Sierpinski askecj^] when X is the real line if there always is a Borel function 
which is universal. He had shown that there is a Borel universal function 
assuming the continuum hypothesis (Sierpinski [20]). 

Without loss we may use different functions on the x and y coordinates, 
i.e., G(x,y) = F(go(x), gi(y)) in the definition of universal function F. To 
see this suppose we are given F* such that for every G we may find go, g± with 
G(x,y) = F*(go(x), gi(y)) for all x,y. Then we can construct a universal F 
which uses only a single g. Take a bijection, i.e., pairing function between 
X x X and X, i.e., (x ,Xi) (x ,Xi). Define 

F({x Q ,xi), (y ,yi)) = F*(x ,yi) 

where (x ,Xi) is a pairing function. Given any go,gi define 

g(u) = (g (u),gi(u)) 



2 Scottish book, Mauldin [9] problem 132. 
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and note that 

F(g(x),g(y)) = F*(g (x), gi (y)) 

for every x, y. 

In the case X = 2 U there is a pairing function which is a homeomorphism 
and hence the Borel complexity of F and F* are the same. For abstract 
universal F a pairing function exists for any infinite X by the axiom of 
choice. 

In section [2] we show that the existence of a Borel universal functions 
is equivalent to under a weak cardinality assumption to the statement that 
every subset of the plane is in the a-algebra generated by the abstract rect- 
angles. We also show that a universal function cannot be of Baire class 1. 

In section [3] we prove some results concerning Martin's axiom and uni- 
versal function. We show that although MA implies that there is a universal 
function of Baire class 2 it is consistent to have MA^ X hold but no Borel 
universal functions. 

In section H] we consider universal functions of a special kind. For example, 
F(x,y) = k(x + y). We also discuss special versions due to Todorcevic and 
Davies. 

In section [5] we consider abstract universal functions, i.e., those defined 
on a cardinal k with no notion of definability, Borel or otherwise. We show 
that if 2 <K = k, then they exists. We also show that it is consistent that 
none exists for k equal to the continuum. We also prove some weak abstract 
versions of universal functions from the assumption MA^. 

In section [6] we take up the problem of universal functions of higher arity. 
We show that there is a natural hierarchy of such notions and we show that 
this hierarchy is strictly descending. 

2 Borel Universal Functions 

Definition 2.1 We let TZ denote the family of abstract rectangles, 

11 = {Ax B : A,B C 2 W }. 
Definition 2.2 S a (7£) and 11° (1Z) for a < u\ are inductively defined by: 

• Eq(7£) = Tl^ilZ) = the finite boolean combinations of sets from 1Z, 

• S°(7£) is the countable unions of sets from Ti? <a (jV) = |J /3<a n°(7?.) ; 
and 
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• n°(7£) is the countable intersections of sets from YP <a (7t). 

Definition 2.3 A Borel function F : 2 W x 2^ ^ 2 W is at the a-level iff for 
any n the set {(u,v) : F(u,v)(n) = 1} is £°. 

We remark that a Borel function at level a is in Baire class a, but not the 
converse. In the context of 2 W a function is of Baire class a iff the preimage 
of every clopen set is A a+1 . For more on the classical theory of Baire class 
a, see Kechris [I] p. 190. 

Theorem 2.4 Suppose that 2 <c = c, then the following are equivalent: 

1. There is a Borel function F : 2 U x 2 W — > 2 W which is universal. 

2. Every subset of the plane 2 W x 2 W is in the a-algebra generated by the 
abstract rectangles, 1Z. 

Furthermore, Vi2^ x 2 W ) = X°(7£) iff F can be taken to be the a-level. 

Proof 

(1) (2). 

Suppose there is a Borel universal F : 2 U x 2 W -> 2. Let A C 2^ x 2 W be 
arbitrary and suppose g : 2 W — > 2^ has the property that 

Vx, y (x, y) G A iff F{g{x),g{y)) = 1. 

Let i? be the Borel set .F -1 (l). Then I? is generated by countable unions 
and intersections from sets of the form C x D, for C, D clopen subsets 2 W . 
Note that (x,y) G A iff (g(x), g(y)) G 5. Define h(x,y) = (g(x), g(y)) and 
note that 

for all sets C,DC2 U . Since 

A = h~\B), 

and since preimages pass over countable unions and intersections it follows 
that A is in the cr-algebra of abstract rectangles. Furthermore if B is 
then A is £°(ft). 

(2) (1). 
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We show first that there exists an X C 2 aJ of cardinality c which has the 
property that every Y C X of cardinality strictly smaller than c is Borel 
relative to X, i.e., is the intersection of a Borel set with X. See Bing, 
Bledsoe, and Mauldin [2]. Let A C c x c be such that for every G [c] <c 
there exists a < c such that 

-B = A a = def {(3 : G A}. 

This is possible because 2 <c = c. Since A is in the cx-algebra generated by 
the abstract rectangles, there exists a sequence A n C c for n < uj such that 
A is in the cx-algebra generated by {A n x A m : n,m < u}. Let / : c — > 2 W 
be the Marczewski characteristic function for the sequence (A n : n < u), i.e., 

/■/\/\ JO if x A n 
^ v A ; \ 1 if x G A n 

Let X = /(c). Let us check that X has the required property. Let Y be a 
subset of X of cardinality less than c, and let B be a subset of c of cardinality 
less than c such that Y = f{B). Each set of the form A n x A m is the preimage 
under / of a clopen subset of 2 U x 2 W . Again using the fact that preimages 
pass over countable unions and intersections, we can find a Borel subset 
2" x 2 W whose preimage under / is A. Then Y will be one section of this set, 
intersected with X. Also note that if A is S° (1Z), then every subset of X of 
cardinality strictly smaller than c is S° relative to X. 

Now let U C 2 W x 2 W be a universal S° set. Define G : 2 W x 2 W -»■ 2 W by 

Vn (G(ar,3/)(n) = liff(a; n> y)etf) 

where x i-> (x n : n < w) G (2 W ) W is a homeomorphism. 

Let /i : c 2 — > 2 W be an arbitrary function with the property that a > 
= (the identically zero map). We claim that there exists 

hi, h 2 : c — > 2 W such that 

f x {a, 0) = G(hi(/3), h 2 (a)) for all (a, (3) G c 2 . 

To see this, let X = {x 7 : 7 < c}. Let h 2 (a) = x a . For each n and (3 note 
that 

B n = def {x a : f 1 (a,/3)(n) = l} 

is a subset of X of cardinality less that c and so there exists y n G 2 W such 
that B n = X H U Vn . Construct h\{0) = y corresponding to such a sequence 
{y n :n< u). 
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By an analogous argument, if f 2 '■ c 2 — > 2 W is an arbitrary map with the 
property that > a — > f 2 ((x, 0) = 0, then there exists fci, k 2 : c — > 2 W such 
that 

f 2 (a,(3) = Gihia),^)) for all (a, (3) E Q 2 . 
Now define F : 2 U x 2 W -> 2 W by: 

F((x h yi), (x 2 , 1/2)) = max(G(x 2 , zi), G(yi, 1/2)) 

where max : 2 U x 2" -> 2 U is the pointwise maximum, i.e., max(«, v ) = w iff 
is the maximum of w(n) and v (n) for each n < u. Then 

(z 2 ,y 2 ))(n) = 1 iff G(xi,x 2 )(n) = 1 or G(y 2 ,y 1 )(n) = 1. 
We show the F is universal. Given an arbitrary / : c x c — > 2 U we can 
find /1 and / 2 as above so that 

/(a, 0) = max(/i(a, / 2 (a, /?)) for all (a, /3) G c 2 . 

Define = (h 2 (a), fci(a)) and / 2 (/9) = (hi((3), k 2 ((3)). Then 

/(«,/?) = F(/!(a),/ 2 (/3)) for all a, /3 < c. 

Also F is at the a-level, i.e., for any n the set {(u,v) : F(u,v)(n) = 1} 

is E°. 
QED 

Corollary 2.5 7^ zs consistent that for each a with 2 < a < u>\ there is a 
universal function of B aire class a but none of class j3 < a. It is consistent 
that there is a universal function but no Borel universal function. If p = c, 
then there is a universal function of Baire class 2. 

Proof 

This follows from corresponding results about the cx-algebra of abstract rect- 
angles, see Miller (TO] Theorem 37. The existence of an abstract universal 
function follows from c <c = c Theorem 15.11 and this holds in many models 
in which not every subset of the plane is in the u-algebra generated by the 
abstract rectangles. For example, Kunen in his thesis showed this is true in 
the Cohen real model. The cardinal p is the psuedo-intersection number. An 
equivalent definition for it is the smallest cardinal for which Martin's Axiom 
of for a-centered posets fails. This is due to Bell [T]), for the proof Bell's 
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Theorem see also Weiss [22]. Proposition 16. 151 shows that if p = c, then there 

is a universal function of Baire class 2. 

QED 

Question 2.6 Suppose there is a universal function of Baire class a. Then 
is there a universal function of level a ? 

Proposition 2.7 A universal function cannot be of Baire class 1. 
Proof 

Suppose that F is of Baire class 1. Let {h^}^ ec enumerate all functions from 
a countable subset of T 1 whose range is dense in itself. Let {r^}^ ec enumerate 
all 2 U . For each £ partition the domain of into and such that 

{hfa) | x G A^} = {h^(x) | x G B^} 

and let G : 2 uj2 — >■ 2^ be any function satisfying G(r^,r) = 1 if r G A^ and 
Gfc, r) = if r G S € . 

Now suppose that h : 2 W — >• 2 W witnesses that F is universal for the 
function G. It is clear that the range of h must uncountable. Hence there is 
£ such that h% C ft,. Then G(r^, r) = F(h(r^), h^(r)) for all re^U 

If / is the function defined by f(y) = F(h(r^),y) then / must be Baire 1 
and, in particular, defining 

C = {^(r) | r G = {/i ? (r) | r G 5 5 } 

it follows that / f C is Baire 1. However, 

f(h^r)) = F(h(r^),h^r)) = G(r 6 r) = 1 for r G A^. 

Similarly f(h^(r)) = for r G B^. This is impossible for any Baire class 1 

function on the perfect set C. 

QED 

The techniques of Miller [TT] can be used to produce models with an 
analytic universal function but no Borel universal function. 
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3 Universal Functions and Martin's Axiom 

Martin's Axiom implies that there are universal functions on the reals of 
Baire class 2, see Proposition 16.151 Here we show that weakening of Martin's 
axiom is not strong enough. 

Lemma 3.1 If there are models of set theory {9^a} ae (2") 3 such that: 

1. aeWl a for each a G (2 W ) 3 

2. 2" % M a for each a G (2 W ) 3 

3. for any h : 2 W — > 2 W and any 16 2" there are reals y and z such that 
{h(y),h(z)} Cmt (w) 

then there is no Borel universal function. Moreover, the models 9Jt a need 
only be models of a sufficiently large fragment of set theory to code Borel sets 
by reals. 

Proof 

Suppose that F is a Borel universal function. Let x be a real coding it. 
Define G(y,z) to be any element of 2 U \ Wt {x , y , z y Then if h : 2 U ->■ 2 W 
it is possible to find reals y and z such that {h(y),h(z)} C %R(x,y,z) ■ But 
then, since 9Jl( x ,y,z) is a model of set theory, it follows that F G ^Sl{x >y , z ) 
and hence F(h(y),h(z)) G 2Jl( X)!/)je ). Since G(y,z) ^Jl( x , y ,z) it follows that 
F(h(y), h(z)) 7^ z) and hence F can not be universal. 

Theorem 3.2 If there is a model of set theory then there is a model of 
set theory in which there is no Borel universal function. Indeed, there is 
no Borel universal function in any model obtained by forcing with a finite 
support product of k + ccc partial orders if k has uncountable cofinality. 

Proof 

Let P a be a ccc partial order for each a G k + and suppose that 

is generic over V. Since the finite support iteration adds reals, by taking 
products of countably many P a it may as well be assumed that each P a adds 
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a real. For any r C k + let Vp denote the model V[G fl flaer^]- For an y 
x G 2 W in V[G] let be the least ordinal such that x G V^ x y 

Given (x,y,z) G (2 W ) 3 suppose first that there is no 9 G k such that 
fi(y) = n(x) + 9. In this case define 9Jl( x ,y,z) — V% where £ is the largest of 
fj,(x), (i(y) and fi(z). The ccc guarantees that £ < k + and the new reals added 
ensure that (1) and (2) of Lemma 13.11 hold. Otherwise, let 9(x, y) G k be 
such that u.(y) = /j,(x)+9(x, y). Let Y^y^ = u.(z) +9(x, y) U (fi{z) + k)) 
and let SOT^,^) = Vr {xyz) . It is again clear that (1) and (2) of Lemma [3.11 
hold. 

To see that (3) holds suppose that h : T -» 2 W and x G 2 W are in U[G]. 
For each n G k let G 2 W be such that //(y^) = + 77. In other words, 
9(x,y v ) = 77. Using the ccc, find (3 so large that G Vg for each f)6n. 

Now let 2 6 2 W be such that fi(z) = (3 and find 77 G k large enough that 
G Vr where r = /3 + 77 U (k + \ (/3 + «)). It follows that SD^,^,* = Vr and 
hence {h(y v ), h(z)} C 971^3, Hence (3) of Lemma [37T1 is also satisfied and 
the result now follows from Lemma [3. II 

Theorem 3.3 If there is a model of set theory then there is a model of set 
theory in which there is no Borel universal function yet MA^ holds. 

Proof 

Obtain the model of MA Sl by iterating to u 3 with ccc partial orders of size 
Ki over a model of the Continuum Hypothesis. To be precise, let {P a } Qew3 
be names for the ccc partial orders such that Q Q is the iteration of {P^}^ eQ 
and F a is a Q Q name for a ccc partial order of cardinality Ni. A set T C U3 
will be called full if for each 7 G T all the conditions in the name P 7 have 
support contained in Y fl 7. If T is full, let Qr be the iteration of only the 
partial orders P 7 for 7 G T. 

Cardinal arithmetic and the ccc guarantee that the partial order Q^ 3 has 
the property that for any subset of Qa, 3 of cardinality Ni is contained in 
completely embedded partial order of the form Qr where T is a full set of 
cardinality Nj. Even more, for any £ G u 3 if W C Q wg is such that PV\Q^ has 
cardinality Ni it is possible to find a full T such that r \ Q^ has cardinality 
Ki and Qr is completely embedded in Q W3 . Using this, it is possible to mimic 
the proof of Theorem 13.21 

Let G C Q W3 be generic and for any full r C u 3 such that Qr is completely 
embedded in Q W3 let V r = V[G n Qr]- For any x G 2 U in V[G] let u.(x) be 
the least ordinal such that x G V^ x y 
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Given (x,y,z) G (2 W ) 3 suppose first that there is no 9 G uj 2 such that 
yu(y) = fi(x)+9. In this case define Wl( x ,y,z) = ^ where £ is the largest of 
yu(y) and Otherwise, let 8(x,y) G be such that fj,(y) = fi(x) + 9(x, y). 
There is some ^( x ,y,z) ^ w 3 such that 

1. n(z) + 9(x,y) C r (a . )2/) ^ 

2. |r ( ^, 2) \^(z)| =n x 

3. r (x>?/i2 ) is full 

4. Qi\ 3) is completely embedded in Q W3 . 
The let be the family of all r C y 3 such that 

1. r n fi{z) +u 2 = T(x, y ,z) n u 2 

2. r is full 

3. Qr is completely embedded in Q^. 

Let %R( x ,y,z) = Ugg6 and note that it is a model of sufficiently much set 
theory to code Borel sets by reals. It is again clear that (1) and (2) of 
Lemma 13.11 hold. 

To see that (3) holds suppose that h : 2 U -)■ 2 W and x G 2 W are in V[G}. 
For each r\ G w 2 let y,, G 2 W be such that fi(y v ) = fi(x) + r\. Using the 
ccc, find f3 so large that h^y^) G Vg for each ?) 6 u 2 . Now let z G 2 aJ be 
such that = /3 and find n E U2 large enough that /i(^) G Vr (av ^j- It 
follows that ^ftx,y v ,z 2 Vr^,,) and hence {h(y v ), h(z)} C Wl x , yri , z . Hence (3) 
of Lemma 13.11 is also satisfied and the result now follows from Lemma 13.11 

4 Universal Functions of special kinds 

Elementary functions in the calculus of two variables can be obtained from 
addition x + y, the elementary functions of one variable and closing under 
composition. For example, xy = + y) 2 — x 2 — y 2 ). We might ask if 
there could be a universal function of the form: F(x,y) = k(x + y). By 
this we mean that for any G(x,y) we can find u(x) and v(y) such that 
G(x,y) = k(u(x) +v(y)). 
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Proposition 4.1 // there is a universal function, then there is one of the 
form F(x,y) = k(x + y), where k has the same complexity as the given 
universal function. 

Proof 

For simplicity assume that x + y refers to the pointwise addition in 2 W . A 
similar argument can be given for ordinary addition on the real line. 

Suppose F* : 2 W x 2 W — > 2 U is a universal function, i.e, for every / : 
2 w x2 w ^ 2 W there are g, h with f(x, y) = F*(g(x), h{y)) all x, y G 2 W . Given 
any u G 2" let u Q be u shifted onto the even coordinates, i.e, Wo(2n) = u(n) 
and Uo(2n + 1) = 0. Similarly for o 6 2" let V\ be v shifted onto the odd 
coordinates. Note that (u,v) is easily recovered from uq + v\. Hence we can 
define k by k(w) = F*(u, v) where w — uq + v±. 
QED 

Proposition 4.2 Suppose that there is a universal function F : 2 U x 2 U — > 
2 W . Then there exists a function f : 2 W — > 2 W such that for every symmetric 
H : 2 W x 2 W -> 2 W there exists a g : 2 W -> 2 U such thatH(x,y) = f {g(x)+g(y)) 
for every two distinct x,y G 2". Furthermore if F is Borel, then f is Borel. 

Proof 

Let P s C u for s e 2 <w partition into infinite sets. We say that y : P s — >• 2 
codes x : a; — >■ 2 iff y(a n ) = x(n) where ao < ai < a2 < . . . is the increasing 
listing of P s . 

For any x G 2" define G 2 W so that \P x \ n codes x for every n < u 
and g(a;) \P S is identically for any s which is not an initial segment of x. 
By assumption for any H : 2 W x 2 W — > 2" there exists /i such that 

H(x,y)=F(h(x),h(y)) 

for all x,y G 2 W . Define = q(h(x)). Without loss of generality we may 
assume that h is one-to-one and never identically 0. Notice for x ^ y that 
we may easily recover h(x) and h(y) from q(x) +q(y)- (There will be exactly 
two infinite paths in the set of all s G 2 <w such that (q(x) + q{y)) \P S is not 
identically 0). Hence, we may define / so that 

f(g(x)+g(y)) = F(h(x),h(y)). 



QED 
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Proposition 4.3 There does not exist a Borel function F : 2 W x 2 W — > 2 W 
such that for every Borel H : 2 W x 2 W — > 2 W t/iere erases i?ore/ g, /i : 2 W — )• 2 W 
with 

H(x,y)=F(g(x),h(y)) 

for every x, y G 2 W . 
Proof 

Suppose F is a Baire level a function and let U C 2 W x 2 W be a universal 
S° +3 set. Let H be the characteristic function of U. Given any Borel g, h 
let P C 2 W be perfect set on which /i is continuous. Fix x so that C/ Xo C P 
is not A° +3 . But if we define 

q:P^2" by q(y) = F(g(x Q ),h(y)) 

then g is Baire level a and = <? _1 (1) which is a contradiction. 
QED 

This proof is similar to Mansfield and Rao's Theorem [3 El EE] that 
the universal analytic set in the plane is not in the a-algebra generated by 
rectangles with measurable sides. See also, Miller |12j . 

Question 4.4 Does there always exists a Borel function 

F : 2 W x 2 W ->■ T 

such that for every Borel H : 2 W x 2 W — >■ 2 W i/iere exzsfo <?, /i : 2 W — >• 2 W w'^i 

H{x,y) = F{g{x),h{y)) 

for every x,y £ 2 W ? 

Maybe Louveau's Theorem [6] is relevant for this question. 

Stevo Todorcevic has noted the following version of universal functions: 
There exists continuous functions F n : 2 W x 2 W — » 2 W for n < u with the 

property that for every G : p x p — >■ 2 W there exists /i : p — > 2 W such that for 

every a, (3 < p 

G(a,P) = lim F n (h(a),h(P)) 

n—>oo 

Where p is the least cardinal for which MA cx-centered fails. 

We prove that this sort of universal function is equivalent to a level 2 
universal function. 
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Proposition 4.5 For any cardinal k the following are equivalent: 

(1) There exists continuous junctions F n : 2 W x 2 U — > 2 W for n < uj with 
the property that for every G : k x k — > 2 U there exists h : k — > 2 W such that 

G(a,(3) = lim F n {h(a) , h((3)) for every a, (3 G k. 

n— >oo 

(2) There exists a level- 2 function F : 2 W x 2 W — > 2 W with the property 
that for every G : k x k — > 2 W there exists h : k — )■ 2 U such that 

G(a, (3) = F(h(a), h(f3)) for every a, (3 G k. 

Proof 

Recall that F is level 2 means that for every n the set 

{(x,y) : F(x,y)(n) — 1} is F a . 

(1) — > (2). Given the sequence F k of continuous functions define: 
F(x,y)(n) = 1 iff F k (x,y)(n) = 1 for all but finitely many k < uj. 

(2) ->■ (1). For any G let G be G and define G x by Gi(a,(3)(n) = 1 - 
G (a, f3)(n). That is, we switch and 1 on every coordinate of the output. 
It follows that we have h and h\ such that for ever a, (3 < k and n < ui 
G(a,(3)(n) = 1 implies 

F(h (a),h (f3))(n) = 1 and F(hi(a), /ii(/3))(n) = 
G(a,P)(n) = implies 

= and F(/n(a), /ii(/3))(n) = 1 
For each n define the pair of (nondisjoint) F a sets P° and P% by 

((l*0,Wl), («0,Ul)) £ ifr ^(tiijUOH = 1 

By the reduction property for each n there are disjoint F a sets Q° , Q l n with 
-P^ and Q Q n UQ l n = P®UP^- Write each Q l n as an increasing sequence of 
closed sets Q l n = \J k C l nk . Since C° k and C\ k are disjoint closed sets, there 
is a clopen set D nk with C°_ fc C D nk and C*_ fc disjoint from D nk . 
Define the continuous map F k as follows: 

F k (u,v)(n) = 1 iff (u,u) G D n , k 

Now we verify that this works. Given G take ho and ft,! as above and 
define ^(7) = (h (j), ^1(7)). Then for any a,(3,n 
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If G(a, (3){n) = 1, then (h(a), h{0)) G P n ° \ Pi so (h(a), h{(3)) G Q° and 
so Fk((h(a), h((3)))(n) = 1 for all but finitely many k. 

If G(a, 0){n) = 0, then (h(a), h(/3)) G P r ] \ P° so (h(a), h(/3)) G and 
so F k ((h(a), h{(3))){n) = for all but finitely many k. 
QED 

Davies [3 J showed that the continuum hypothesis implies that the function 

n<uj 

has a universal property: for every H : W x R — > IR there are functions /„, g n 
forn<u such that 

H (x,y) = ^2f n (x)g n (y) 

for all x, y G M. Moreover the sum has only finitely many nonzero terms. 
Shelah [16] remarks that Davies result is false in the Cohen real model. 



5 Abstract Universal Functions 

Theorem 5.1 If k is an infinite cardinal such that 2 <K = k, then there is a 
universal function F : k x k — > n. 

Proof 

Choose p a : k x k — > k for a < k with the property that for every < n 
and k : /3 — y k there exists a a < k with k = p a \f3. Let (, ) : k x k — > k be a 
bijective pairing function. Define F : k x k — y k as follows: 



F((a ,aii), (/3 ,/3i)) 



p h (a ) if a < /3 
p ai (/3 ) if "o > 0o 



To see that F is universal, let H : k x k — > k be arbitrary. For each (3 choose 
h((3) so that H(a, (3) = ph(p){oi) for all a < (3. Similarly, choose g(a) so that 
H(a, f3) = p g (a)(f3) for all (3 < a. If follows that n 



H(a,(3) = F((a,g(a)),((3,h((3))) 



for all a, (3 < k. 
QED 
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Remark 5.2 For example, there is a universal F : oj x uj — > uj. 

Remark 5.3 Theorem I5.il is probably just a special case of Theorem 6 of 
Rado g3$. 

Definition 5.4 Let Fin(X) be the partial order of partial functions from 
a finite subset of X into 2. Let Ctbl(Y) be the partial orde% of countable 
partial functions from Y into 2. 

Theorem 5.5 It is relatively consistent with ZFC that there is no universal 
function F:cxc->c. 

Proof 

In our model c = U2 and there is no F : U2 x 002 — > 2 with the property that 
for every / : w 2 x u\ — > 2 there exists g\ : U2 — » 0J2 and g% : lo\ — > such 
that f(a,(3) = F(gi(a>), g 2 (/3)) for every a < u 2 and < lo\. 

Let M be a countable transitive model of ZFC + GCH. Force with 
Ctbl(u 3 ) followed by Fin(u 2 ). Let G be Ct&Z (u^-generic over M and H 
be Fin(a>2)-generic over M[G]. We will show there is no F in the model 
N = M[G][H]. 

By standard argument^) involving iteration and product forcing we may 
regard iV as being obtained by forcing with Ctbl{uj^) M over the ground model 
M[H}. Of course, in M[H] the poset Ctbl{uj^) M is not countably closed but 
it still must have the U2-cc. Hence for any F : U2 x U2 — >■ 2 in we may 
find 7 < u 3 such that F G M[H][G\j). 

Use G above 7 to define / : tu 2 X u\ — > 2, i.e., 

f{a,/3) = G( 1 + u 1 -a + (3). 

Now suppose for contradiction that in N there were g\ : U2 — > 0J2 and 
g 2 : cox —> U2 such that f(a,(3) = F(gi(a),g2(l3)) for every a < co> 2 and 
/3 < uj\. Using the u 2 chain condition there would be / C u 3 in M of size U\ 
such that (72 ^ ^[-^][C|~(7 U J)]. Choose a < w 2 so that 7 U / is disjoint 
from 

D = {7 + ui ■ a + (3 : /3<ux}. 

It easy to see by a density argument that the function G\D is not in 
M[if] [G\( r y U I)]. But this is a contradiction, since G\D is easily defined 

3 Thcse posets are denoted in Kunen[5] by Fn(X, 2) and Fn(Y, 2,wi). 
4 Kunen[5] p.253 Solovay [21] p. 10 
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from the function /(ceo, •)> /(c*o, /?) = -^(fl , i(o ; o), 92{P)) for all /3, and F, (72 are 

in M[H] [G\(j U /)]. 

QED 



Question 5.6 Is ^ consistent with 2 <c > c to have a universal function 
F:2 w x2M2 w ? How about a Borel F? 

Theorem 5.7 Suppose MA U1 . Then there exists F : ui x w 4 wj which 
is universal, i.e., for every f : uj± x u> — > u>i there exists g : u>i — > u>i and 
h : uj — > u> such that 

f(a, n) = F(g(a), h(n))) for every a < u>i and n < u. 

Proof 

There is an obvious notion of universal F : ax/3 — > 7. We produce a universal 
F : oji x ou — > uj and then show that this is equivalent to the existence of a 
universal F : u>i x uj — > uj\. 

Standard arguments, show that there exists a family h a : uj — > uj for 
a < uj\ of independent functions, i.e., for any n, a.\ < a 2 < ■ ■ ■ < a n < ^1 
and s : {1, . . . ,n} — > uj there are infinitely many k < uj such that 

h ai (k) = s(l) 

h a2 (k) = s(2) 

K n {k) = s(n). 

Define H : u)\ x uj — > uj by H(a,n) = h a (n). We show that H is universal 
mod finite, in sense which will be made clear. Given any / : uj 1 x uj — > uj 
define the following poset P. A condition p = (s, F) is a pair such that s G uj w 
is one-to-one and F G [wi] <tJ . We define p < q iff 

2. F g C F p , and 

3. f(a,n) = h a (s p (n)) for every a£F, and n G dom(s p ) \ dom(s q ). 
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It is easy to see that P is ccc, in fact, a-centered since any two conditions 
with the same s are compatible. Since the family (h a : oj — )■ oj : a < oj\) is 
independent, for any p e P there are extensions of p with arbitrarily long s 
part. It follows from MA UJl that there exists h : u; — > oj with the property 
that for every a < oj\ for all but finitely many n that f(a,n) = h a (h(n)). 

To get a universal map F : wi x oj — > oj, simply take any F with the 
property that for every a < oj\ and any h! =* h a (equal mod finite) there is 
f3 such that F((3,n) = h'(n) for every n. Since the function h is one-to-one, 
it easy to find k : U\ — > lo\ such that F(k(a), h{n)) = /(a, n) for all a and n. 

Finally we show that having a universal F : u>i x ui — > u gives a universal 
F' : UJ\ x oj — > uj\. For any infinite a < U\ fix a bijection from j a : w — >■ a. 
Construct F' with the property that for every pair a, (3 < uj\ there are 
uncountably many 7 < lo\ such that F' = jp o F a , i.e., 

F'(7, n) = jp(F(a, n)) for all n < oj. 

Now we verify that F' is universal. Let /' : oj\ x — > Wi be arbitrary. Let 

i a = oj + sup{/'(a, n) + 1 : n < oj}. 

Define / into oj by f(a,n) = n)). Since F is universal there exists 

g>, /i with 

F(^(a),/i(n)) = /(a,n) = ^(f (a,n)). 
By our definition of F' we may construct (?' so that 

FV(«),%)) = ^(^(^(«),M^))) 

and we are done since 

j ia {F(g{a),h(n))) = f'{a,n). 

QED 



Question 5.8 Does My4 Wl zmp/y there exists F : o;i x oj\ — > wi which is 
universal? Is it consistent one way or the other? This question may be related 
to Shelah results on universal graphs of size oj\, see Shelah [H\ [7g[ IWf . 



Proposition 5.9 If there is a universal function F : k x 7 — y 2 then for 
every n < oj there is a universal function F : k x 7 — > n. 
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Proof 

We produce a F* which is universal for n = 2x2. For any Hi, H2 : k x 7 — > 2 
there exists gi,hi,g 2 , h 2 such that 

ifi(a,£) = F( 9l (a)MP)) and = F(g 2 (a),h 2 (/3)) 

for all a G k and /3 G 7. Now define 

F*«c*i, a 2 ), (A, &)) = A), F(a 2 , fa)) 

and 

= (gi(a),g 2 (a)) and = h 2 ((3)). 

Note that 

F*{g{a)MP)) = (H 1 {a,p),H 2 {a,p) 

for all a G k and /3 G 7. 
QED 

6 Higher Dimensional Universal Functions 

Definition 6.1 ^4 k- dimensional universal function is a function 

F : (2 w ) fe ->■ 2 W 

such that for every function G : {2 w ) k ->■ 2 W i/iere /i : 2 W ->■ 2 W snc/i tfiat 

G(a7, x 2 , • • • , x k ) = F(h(xi), h(x 2 ), h(x k )) 
for all (xi,x 2 ,...,x k ) G (2^) fc . 

Proposition 6.2 Suppose F(x,y) is a universal function, then F(F(x,y), z) 
is a 3- dimensional universal function. 

Proof 

Given G(x,y,z) define Gq{u,z) = G{uq,ui,z) using unpairing, u = (uo,ui). 
By universality of F there are g, h with G (u,z) = F(g(u),h(z)). Again 
by universality of F there are go,gi with g((uo,ui)) = F(g (uo), gi(ui)) and 
hence G(x, y, z) = F(F(g (x), gi{y)), h(z)). 
QED 
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Hence the existence of a universal function in dimension 2 is equivalent 
to the existence of a universal function in dimension k for any k > 1. Note 
however that the Baire complexity of F(F(x, y), z) is higher than that of F. 

We may also consider universal functions F where the parameters func- 
tions are functions of more than one variable, for example: 

VG 3g, h, k Vx, y, z G(x, y, z) = F(g(x, y), h(y, z), k{z, x)). 

Although this easily follows from the existence of a dimension 3 universal, 
we do not know if it is equivalent. The reader will easily be able to imagine 
many variants. For example, 
G(x, y, z) = F(g(x, y), h(y, z)) 

G(x 1 ,X2,x 3 ,x 4 ) = F(g 1 (x 1 ,x 2 ),g2(x2,X3),g 3 (x 3 ,X4),g4(x4,x 1 )) 
where we have omitted quantifiers for clarity. These two variants are equiv- 
alent to the existence of 2-dimensional universal function. To see this in the 
first example put y = and get 

G(x,z) = F(g(x,0),h(0,z)). 
In the second example put x 2 = x^ = and get 

G(x 1 ,x 3 ) = F(g 1 (x 1: 0), # 2 (0, x 3 ),g 3 (x 3 , 0), 5-4(0, xi)). 
More generally, suppose F and a^'s have the property that for every G there 
are g^s such that for all x 

G(x) = F(g 1 (x 1 ), . . .,g n (x n )). 

Suppose there are two variables x and y from x which do not simultaneously 
belong to any Xk- Then we get a universal 2-dimensional function simply by 
putting all of the other variables equal to zero. 

Proposition 6.3 If there is a (3, 2) -dimensional universal function, i.e., an 
F(x, y, z) such that for every G there is h with 

G(x, y, z) = F(h(x, y), h(y, z), h(z, x)) all x, y, z 

then for every n > 3 there is a (n, 2) -dimensional universal function F, i.e., 
for every G n-ary there is a binary h with 

G(xi, x 2 , ■ ■ ■ , x n ) = F((h(xi, Xj) : 1 < i < j < n)) all x. 

F is ^ ^ ^ -ary. Conversely, if there is a (n,2) -dimensional universal func- 
tion for some n > 3, then there is a (3, 2) -dimensional universal function. 
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Proof 

Consider the case for n — 4. 

Suppose that F is (3, 2)-dimensional universal function. Given a 4-ary 
function G(x, y, z, w) for each fixed w we get a function h w (u, v) with 

G(x, y, z, w) = F(h w (x, y), h w (y, z), h w (z, x)) for all x, y, z. 

But now considering h(u,v,w) = h w (u,v) we get a function k(s,t) with 
h(u, v, w) = F(k(u, v), k(v, w), k(w, u)). Note that 
G(x,y,z,w) = 

F(F(k(x, y), k(y, w), k(w, x)), 
F(k(y,z),k(z,w),k(w,y)), 

F(k(z, x), k(x, w), k(w, z))). 
Note that k(s,t) and k(t, s) can be combined by pairing and unpairing into 
a single function ki(s,t). From this one can define a (4, 2)-dimensional uni- 
versal function. 

For the converse, if F is a (4, 2)-dimensional universal function, then for 
every G 3-ary, there exists h binary with 

G(x, y, z) = F(h(x, y), h(y, z), h(x, z), h(x, 0), h(y, 0), h(z, 0)). 

But note that, for example, h(x, y) and h(x, 0) can be combined into a single 
function of hi(x, y). Hence we can get a (3, 2)-dimensional universal function. 
QED 

Next we state a generalization of these ideas: 

Definition 6.4 Suppose E C P({0, 1, 2, . . . , n — 1}) = V(n) (the power set 
ofn). Define U(k, n, E) to mean that there exists F : /t s — > k such that for 
every G : K n — > k there are Hq : — > k for Q G E such that 

G(x , x 1 ,..., x„_i) = F {h Q (xj : j e Q) : Q G E) for all x G n n . 

Then the last two propositions can be generalized to show: 

Proposition 6.5 For any infinite cardinal k and positive integer n 

1. U(k, n + 1, [n + l] n ) implies Vm > n U(k, m, [m\ n ). 

2. (3m > n U(k, m, [m] n )) implies U(k, n + 1, [n + l] n ). 
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3. U(k, n + 1, [n + l] n ) implies U(k, n + 2, [n + 2] n+1 ) 

Definition 6.6 Define U(n,n) to be any of the equivalent U(K,m, [m] n ) for 
m > n. Note that n is the arity of the inside parameter functions, the arity 
of the universal function is less important. 

We will show that U(n, n) are the only generalized mult i- dimensional uni- 
versal functions properties. Clause (3) says that U(K,n) implies U(k,u + 1) 
and we will show that none of these implications can be reversed. 

Proposition 6.7 Let k be an infinite cardinal, n > 2, and E, E , Ei subsets 
ofV{n). 

1. //S C Ei , then U(n, n, E ) implies U(k, n, Ei). 

2- U Qo Q Qi £ then U (n, n, E) is equivalent to U (k, n,EU {Qo}) ■ 

3. Suppose E is closed under taking subsets, every element ofn is in some 
element of E, and n = {0, 1, 2, . . . , n — 1} ^ E. Let m + 1 be the size 
of the smallest subset ofn not in E. Then U(n, n, E) is equivalent to 
U(K,m). 

Proof 

(1) This is true because the F which works for So also works for Ei by 
ignoring the values of Uq for Q 6 Ei \ E . 

(2) This is true because given hq ,hQ 1 we may define a new h Ql by 
outputting the pairing 

h Qi( x i '■ 3 G Qi) = (OooOi : j e Qo), {hq x {xj :jeQi)) 

(3) Choose R C {0, 1, ... n — 1} not in E with \R\ = m + 1. By choice of 
m all subsets of R of size m are in E. By setting Xi = for i ^ R, we see 
that m) is true. 

Now assume U(k, m) is true. By Proposition 16 .51 we have that U (ft, n, E ) 
is true where E = [n] m . But E CE and so by part (1), U(n,n, E) is true. 
QED 

Remark 6.8 For any n and E C V(n) if [j E ^ n = {0, 1, 2, . . . , n — 1} 

then U(K,n, E) zs trivially false. J/n£E, i/ien U(K,n, E) is trivially true. 
If neither of these is true, then by the Proposition \ 6. 7| i/iere exists m with 
U(n,n, E) equivalent to U(K,m). 
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Proposition 6.9 The following are true in ZFC. 

1. U(u,l) 

2. U(u u 2) 

3. U(k, 1) implies U(k + ,2) 

4- U(k,ti) implies U (n + , n + 1) 
5. U(uj n ,n + i) every n>0. 

Proof 

For (1) see Remark 15.21 We prove (2) and leave 3-5 to the reader. 

Suppose that / : u 2 —> u witnesses U(cj, 2, 1). For any countable ordinal 
5 > let 5 = {Si : i < u)}. Define 

F (8,n,m) = 6/( n , m ). 

Now suppose G : cuf — > uj\. Define 

k(S) = sup{G(a, (3, 7) : a, (3, 7 < 5} + 1 

For any 7 < u% let 7* = ^(7). Define g : u 2 — > u> by 

G((l + l)n, (7 + l)m, 7)) = 7g(n,m)" 

By the universality property of / there exists h : u> — » with 

g>(n, m) = f(h(n), h(m)) for every n,m G u. 
For 5 < 7 define 7) = ft,(A;) where 5 = (7 + l)k- Then we have that 
Va, /3 < 7 < wi G(a, /3, 7) = ^0(^(7), 7), MA 7))- 

Define F as follows: 

F(a, /3, 7, a*, 7*, n u m u n 2 , m 2 , n 3 , m 3 ) = 

F (7*,ni,mi) ifa,/3<7 
-^o(/3*, n 2 , m 2 ) if 7 < (5 and a < /3 
F (a*,n 3 ,m 3 ) if/3,7<a 
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Then given G we can find k, h±, /12, hs so that 

hi(a, 7),/ii(/3,7), h 2 (a,/3),h 2 (i,/3), h 3 (/3 , a) , ^3(7 , a)) . 

QED 

The /t-Cohen real model is any model of ZFC obtained by forcing with 
the poset of finite partial functions from k to 2 over a countable transitive 
ground model satisfying ZFC. 

Proposition 6.10 In the uj 2 -Cohen real model we have that U(ui, 1) fails. 
Similarly, U(u)2, 2) fails in the uj^-Cohen real model. More generally, we have 
that C/(7, n) fails in the n-Cohen real model when k > 7 > uu n . 

Proof 

We show that £/(w 2! 2) fails in the w 3 -Cohen real model, leaving the rest to 
the reader. 

Let M be a countable transitive model of ZFC and in M define P to be 
the poset of finite partial maps from uj 3 x uj 3 x uj 3 into 2. We claim that if 
G is P-generic over M, then there is no map F : 0J2 x 0J2 x U2 — > 002 which is 
(3,2)-universal for maps of the form H : uj x uj\ x uj 2 — > 2. 

Suppose for contradiction that F is such a map. By the ccc we may find 
70 < 0J3 with F G M[G|~7q]. Hence we may find maps hi : uj x uji — > cj 3 , 
h 2 : UJ x W2 — > w 3 , and ft 3 : Wi x u 2 -> w 3 such that 

if (n, /3, 7) = de/ G(n, /3, 70 + 7) = F(Mn, /?), M", 7), 7)). 

for every n < uj, (5 < uji, 7 < 002- By ccc we can choose 71 < w 2 such that 
hi e M[G*\ where G* is G restricted {(a,f3,p) e uj 3 : p 7^ 70 + 71}. Define 
g : uj x wi — > 2 by 

#(71,01) = G(n,a,7 + 7i) 
Note that we have that F, hi e M[G*\, g is Cohen generic over M[G*], and 

g(n,a) = F(hi(n, a), h 2 (n, 70 + 7i),/i 3 (a, 7o + 7i))- 

Since the extension by g is ccc, we may find a < such that 
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But this is a contradiction because g ao defined by g ao {n) = g(n, cto) is Cohen 
generic over N. But F, h\, hi e N and for any 72 < U2 the map k defined by 

k(n) = F(hi(n, a ), /?-2("-, 7o + 7i), 72) for all n < a; 

is in iV and so can never be equal to g ao . Thus ^3(0:0,70 + 7i) = 72 cannot 

be defined. 

QED 

Corollary 6.11 Let K w < 7 < k. In the n-Cohen real model we have that 
U (u n , n + 1) + ->U (u n , n) for all n > 0, 

and 

-if/ (7, n) for all n > 0. 

Remark 6.12 //we start with a model Mi of GCH and force with the count- 
able partial functions from k = K^+i into 2 then in the resulting model M2, 
we have CH and so U 1) (Theorem \5. We get U(u n , n) by Propositions 
\6.9[ By an argument similar to Proposition \6.10\ but raised up one cardinal, 
we have -iU(u n ,n — 1) for n > 2. // we then add k = U3 Cohen reals to 
M2 to get M3, then we will have in M3 that |2 W | = U3 and -iU(u^,2) by 
argument of Proposition lifted by one cardinal. U{uj^,A) is true in ZFC 
by Proposition ^.^ This leaves the obvious gap question. 

Definition 6.13 In the case of Borel universal functions of higher dimen- 
sions, we use f/(Borel, n) to mean the analogous thing as in Definition \6.6i 
only we require that the universal map F be Borel. 

Proposition 6.14 The following are true: 

1. U (Borel, n) implies U (Borel, n + 1) 

2. U(Borel,Yi,n) is equivalent to U (Borel, m) for m + 1 the size of the 
smallest subset of n not in the downward closure o/S. 

Proof 

The composition of Borel functions is Borel, and pairing and unpairing func- 
tions are continuous. 
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QED 

We can further refine [/(Borel, n) in the special case that our universal 
function F is a level a Borel function. Since the composition of level a- 
functions is not necessarily level a, i.e., F(F(x,y), z) need be at the level a 
just because F is. Hence it is not immediately obvious that the binary case 
of the next proposition implies the n-ary case. The proof here is similar to 
that of Rao |T4] . 

Proposition 6.15 Assume Martin's Axiom. Then for every n > 1 there is 
a level 2 Borel function F : (2 0J ) n — > 2 W which is universal, i.e., for every 
G : (2 w ) n 2" there exists h { : 2 U -» 2 U such that for every x in (2 UJ ) n 

G(x 1 , ...,x n )= . . . , h n (x n )) 

Proof 

For simplicity we prove it for n = 3. Let 

D\ = {(a,fi, 7) : < 7 < c} 

Let F C 2 U x 2 U x 2 U be an set with the property that for every F a set 
H C 2 W x 2 W there exists z G 2 U with 

= F,= de/ {(x,y) : (z,j,,z)eF}. 

Let g : c — )■ 2 W be a 1-1 map. Recall that Martin's Axiom implies that 
every set IC2" with X\ < c is a Q-set, i.e., every K C X is a relative i 7 ^. 
This is due to Silver and can be found in any standard treatment of Martin's 
Axiom. Thus given any A C D\ we can find h\ : c — > 2 U with the property 
that for every a, (3 < 7 

(a, /3, 7) G A iff (j(a),#,%))eF 

Similarly let 

D 2 = {(a,/3,7) : a, 7 < /3 < c} and D 3 = {(«,/?, 7) : 7, /3 < a < c} 

Now given any A C D 2 or A C D 3 . and obtain h 2) and h 3 with the analogous 
property. 

Note that we may determine which case (Di) in an F a way as follows. 
Let k : c — > u w be a scale, i.e., if a < /3 then /c(a)(n) < k(f3)(n) for all but 
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finitely many n < oj. Such an object exists assuming Martin's axiom. We 
claim now that there exists an F a predicate H with the property that for all 
ACcxcxc there exists h : c — > 2 aJ such that 

Va, 0, 7 (a, /?, 7) 6 A iff (h(a), h(/3), h(j)) G H. 

To see how to do this note that the function k can tell us which case we are 
in Di, D 2 , or D 3 . Then the function h codes up k and the h 1 ,h 2 ,h 3 . 

Similarly, to the proof of Theorem EH we get and F : 2 W x 2 W x 2^ ->■ 2 W 
which is a level 2 Borel map which is universal. 
QED 
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